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Lee [9] introduced semicharacteristic invariants for odd-dimensional manifolds equipped with a free action of a finite group. He made rather spectacular applications to the study of the spherical space form problem and to the determination of fundamental groups of 3-manifolds. Further applications, computations, and connections to surgery theory were given in the papers [l-4, 6 , 11, 121 and elsewhere. Let G be a finite group and 9 a family of subgroups of G. Let O,"(S) be an oriented bordism of manifolds with an orientation-preserving G-action with isotropy subgroups contained in .% The papers [7, 8] give an inductive approach to the computation of Q,"(s), after inverting certain primes dividing the order of G. The paper [7] studies actions on manifolds with no fixed points (MC = 0) and shows that a multiple of such a manifold is bordant to a disjoint union of 9'-induced manifolds, i.e., manifolds of the form G xH N where H E 9':= 9-{ G}. The The present paper generalizes Lee's semicharacteristic to arbitrary actions of finite groups on manifolds and then applies [7, 8] to their study. Let K be a field and G, (KG) be the Grothendieck ring whose elements are represented by (virtual) G-representations on finite-dimensional vector spaces over K. If G acts on M", with n odd, define the equivariant semicharacteristic
x~/z(M; K) = C (-l)'[H,(M;

K)l E Go(KG)-i<n / 2
Let A( 9) be the subgroup of G,( KG) generated by permutation modules K[ G/ H] where HE 3. We show that the equivariant semicharacteristic gives a well-defined bordism invariant
Here the L-group is an appropriately defined subquotient of G,( KG), where enough has been modded out to guarantee that the semicharacteristic of a bounding manifold is zero. The L-group is a finite Abelian group of exponent 2, and is easily computable from the representation theory of G. Multiplicative properties of the semicharacteristic lead to consideration of the ideal (A( 9')) = G, (KG) . A( 9'). We show:
Theorem A. Suppose k9, is odd. Let [M] E a: ( 9) with n odd.
(a) IfMG =0, then xl12(M; K) vanishes when mapped into LLAR'"'"(KG).
(b) rf MG # 0 and the normal bundle V( MC, M) admits an equivariant complex structure, then x,,z( M; K) = x,,~( MC; K) E LIP'"'"(KG).
The theorem gives homological restrictions on group actions on manifolds. One example we work out explicitly is (see also Theorem 4.3): is congruent modulo 2 to the semicharacteristic of the$xed set.
By the semicharacteristic of the fixed point set, we mean the sum of the nonequivariant semicharacteristics of components of the fixed set. If R' is a component then its semicharacteristic is C i<r,2 (-1)' dimd Hi( R; Q) (mod 2).
In [3] , the semicharacteristic map for free actions for finite groups was completely determined, in the sense that the image of ,Y,,~ was computed and characteristic class formulae were given. We propose the corresponding question for the equivariant bordism as a testing ground for computational techniques.
(Our present paper and [3] give only limited information.)
As a sample case, in Section 4, we suggest the study of actions of elementary Abelian 2-groups on manifolds of dimension congruent to 1 modulo 4, with isotropy subgroups having order ~2. In particular, can (Z,)' act on a rational homology sphere Z4rt' with isotropy as above?
The outline of the paper is as follows. We first discuss the oriented case, so we assume char(K) # 2 for now. Let G act on an odd-dimensional, closed, oriented manifold M". We assume that M can be given a finite G-CW structure. We wish to be precise about what sort of duality the we have
Notice that lm j,,, carries a (-1) r+' -symmetric nonsingular form given by intersection of absolute cycles. This is (G, w)-invariant in the sense that (x, y) = w(g)(gx, gy). Now we are properly motivated for Here a,"( 9, w) is an oriented G-bordism with isotropy subgroups in 8 and orientation character w. We could even choose a:( 9, w) to be the bordism of Poincart G-CW complexes.
If w = 1, we omit the reference to 9 in our notation.
Remark. For char(K) prime to the ICI, these are the classical L-groups, with the above definition motivated by the Lx -Lp Ranicki-Rothenberg exact sequence. In this case the proposition can be given a proof using the interpretation of the L-groups in terms of algebraic bordism [4] . If char(K) divides [Cl, then the definition does not coincide with the classical L-groups, but instead is closer to that of Lee [9] . Finally we turn to the case where char(K) = 2. Here we get invariants of an unoriented bordism N,"( 9) of G-actions on unoriented manifolds with isotropy in %. We could proceed as above, but most likely the invariants would be trivial.
Instead we use a refinement of Lee [9] , which make use of the fact that if Z/2 = (g) acts freely on manifold M2k, then the intersection form satisfies (gx, x) = 0 E Z/2 for all x. (If (Y and gcr are cycles intersecting transversely, then Z/2 acts freely on the finite set (Y n ga, and hence it has even order. A more algebraic proof involves the geometric transfer associated to a double cover.) We have 
Induction
We apply results from [7] to give restrictions on the image of x,,~ and thereby homological restrictions on group actions on manifolds.
Given a family 9~ Y(G), define families @ = 9u { G} and 9' = 9-(G).
We assume 9 is closed under intersections, that is, 90 9= 9. Let B(G) be the Burnside ring (defined by Dress) of virtual finite G-sets. Define B(G, 9) to be the subring generated by G/H
where H E 9. Note that A( 9) is a homomorphic image of B( G, 9). Then 0: ( 9) is a B(G, %+)-module defined via Cartesian products.
There is a natural ring homomorphism ' Strictly speaking, [7] does not discuss bordisms with orientation character w, but all the arguments are in fact valid for this setting as well.
Corollary 3.3. If the isotropy types of an action on M belong to 9', then up to a power of k,,, M is G-bordant to an Y-induced object, i.e., a disjoint union of G-manifolds of the form G X, L where L is an H-manifold and HE 5
This is proved in greater generality in [7] . For the convenience of the reader, we
give a sketch of the proof. Suppose Resp (8) =O with k= 1 GGI >O. Choose an equivariant triangulation of M so that each simplex has a single isotropy type. Then for each simplex o we have @a = 0. Using G-invariant transversality and excision to justify a "Mayer-Vietoris" spectral sequence, one deduces that O"M = 0 for some
a>O. Then 8a=(8G+(~-_G))a=ka+~',
where 8' is a O-dimensional G-manifold which is 9'-induced.
Then k"M= PM-@'ME -@'A4 which is .Y-induced. 
Here (A( 9', w)) = GO(KG) . A( S', w) is the ideal generated by A( 9', w). By the identity i, V@ W = i*( V@ i* W), (A( 9')) is precisely the subgroup of G,( KG)
generated by representation induced from representations of subgroups in 9"'. Let lK denote the trivial G-representation.
We can apply Corollary 3.4 to study actions with fixed points. 9'2w) ) KG, w) (n odd) then G cannot act on a rational homology sphere 2" with isotropy in 9' and orientation character w.
In the next section, we will see that orientation-preserving actions of dihedral groups of order 2k with k> 1 odd so that the Ek acts freely satisfies the hypothesis of Propositions 3.5 and 3.6 when n = 1 (mod 4).
Examples and computations
We will discuss the computation of L$(KG, w) and apply the induction results of the previous section to give restrictions on the image of the semicharacteristic and thus homological restrictions on group actions on manifolds.
We will stick to the case where char(K) is not 2 and is prime to IG(. (Applications of the characteristic-2 case to free actions were given in [9] , where semicharacteristics were used to study the spherical space form problem.) GO( KG) is the free Abelian group generated by the irreducible representations of G. We next note that L?(KG, 1) = 0 if IGI is odd or if n = 3 (mod 4). We prove this only for K = Q; the case for general K then follows by the character formula.
Suppose first that G is odd order cyclic. Then for any nontrivial irreducible rational representation, CgtG x(g') = 0. Since our X always contains the regular representation, the trivial representation makes no contribution, so Lf(QG) = 0. Then by Dress induction [5] , Lf(QG) = 0 for any G of odd order. Next let n = 3 (mod 4), and V be a rational representation of a finite group G. By averaging a positive definite symmetric form over G, we see V admits a nonsingular G-invariant form.
Thus L:(QG) = 0.
As a testing ground for equivariant semicharacteristics and equivariant bordism, we suggest the study of orientation-preserving actions of an elementary Abelian 2-group G = (Z,)" on manifolds of dimension n = 1 (mod 4). Here K,(QG) -Z2'
and no irreducible representation admits a skew-symmetric form. The case of free actions was completely worked out in [3] (see also [12] ) and it was shown that L$"'"(QG) = (z2)2L-1 while x,,,(fl?({e})) = (Z!2)k. The techniques of [3] or of this paper shed little light on: It is easy to show that LfC9;'(QG) = (Z2)2Apkp'. When k =2, ,Y,,~(S") hits the nontrivial element, so that question first arises when k = 3. In particular, can (Z,)' act on a rationally homology sphere with isotropy in 9?
As an induction example, we consider the dihedral group D2k = (g, T( gk = 1 = T2, TgT-' = g-') with k odd and greater than 1. We consider actions free when restricted to Zk =(g), and so let 9= {e, Z,}, where Z2 is (T) or a conjugate of (T). 
HE4'
We next describe generating functions for the coefficients B,,,, . Let P, denote the r-dimensional complex projective space and nr the normal bundle of P, in P,,,.
The G-bundles p 0 nr are the main elementary building blocks of the formula. It follows from [7] that for some power q(r) = k$, of k4,, there exists a closed G-manifold N, so that V( NY, N,) is G-isomorphic to q(r) disjoint copies of p @ n,.
We are now in a position to state the generating function for (3) explicitly. Now we wish to apply x iI2 to both sides of Proposition 5.1. Using the multiplicative properties developed in Section 2, we will replace all even-dimensional manifolds by their equivariant Euler characteristic. Evidently, one has a Lefschetz formula:
Hence x(9(r)-IN,; K) =x(P,) . lK E Go(KG)OZ[k,!]/(A(S')).
Then the formula in 
